
Proof of Equation (5.8)

LetV satisfy the assumptions of section 5.2. Equation (5.8) reads
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To show this, it remains to be proved that
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µ . To see this, we first show |x(s)| ≤ C |x(0)|.
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for some constants ε,C > 0 independent of µ.

Proof. By the continuity of V̂ wemay find ε > 0 such that 2V̂(0) ≤ V̂(p) ≤ 1
2V̂(0) < 0 for all |p| ≤ 2ε.

Let λ = S3
‖V ‖

L3/2
> 1. Then p2

λ + V ≥ 0 and so for the minimiser α = αµ,V we have

F µ,V (α) =
1
2

∫
|p2 − µ|

(
1 −

√
1 − 4α̂(p)2

)
dp +

∫
V(x)|α(x)|2 dx

≥

∫
|p|>ε

(
p2 − µ

)
α̂(p)2 dp +

1
(2π)3/2

∬
α̂(p)V̂(p − q)α̂(q) dp dq

=

∫
|p|>ε

(
p2 − µ

)
α̂(p)2 dp +

1
(2π)3/2

[∫
|p|≤ε

∫
|q |≤ε
α̂(p)V̂(p − q)α̂(q) dp dq

+2
∫
|p|≤ε |

∫
|q |>ε
α̂(p)V̂(p − q)α̂(q) dp dq +

∫
|p|>ε |

∫
|q |>ε
α̂(p)V̂(p − q)α̂(q) dp dq

]
≥

〈
α̂1{|p|>ε}

����p2

λ
+ V

����α̂1{|p|>ε}
〉
+

∫
|p|>ε

( (
1 −

1
λ

)
p2 − µ

)
α̂(p)2 dp

+
1

(2π)3/2

[
2V̂(0)

α̂1{|p|≤ε}
2

L1 + 2
∫
|p|≤ε

∫
|q |>ε
α̂(p)V̂(p − q)α̂(q) dp dq

]
≥

∫
|p|>ε

( (
1 −

1
λ

)
p2 − µ

)
α̂(p)2 dp

+
1

(2π)3/2

[
2V̂(0)

α̂1{|p|≤ε}
2

L1 + 2
∫
|p|≤ε

∫
|q |>ε
α̂(p)V̂(p − q)α̂(q) dp dq

]
.

We now bound the two remaining integrals. For the first we have∫
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by the bound ‖ ĝ‖ L3/2 ≤ C ‖g‖H1 . For the double-integral we use the Young and the Hausdorff-Young

inequalities [1, Theorems 4.2 and 5.7]. We have����∫
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Combining all this we get the bound
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whereweabsorbed the factors ofV into the constantsC1,C2 > 0. The right-hand-sideabove is a second
degree polynomial in
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Now, for the function∆we thus have
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by theHausdorff-Young inequality [1, Theorem 5.7] and the bound above. For the function x(s)we thus

have |x(s)| ≤ C |x(0)|. As already noted in the thesis, this proves the desired. For convenience we give

the argument here as well.

With the Lipschitz bound on∆we have that |x(s) − x(0)| ≤ Cµ1/4s. Hence
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